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Abstract 

■ 

We have calculated the hydrogen atom spectrum on curved noncommutative 
space defined by the commutation relations \x i , x d \ = iQCj 1 ^ (x), where 6 is the pa- 
rameter of noncommutativity. The external antisymmetric field which determines 
the noncommutativity is chosen as u/ J (x) = £ ij x^f (xjx'). In this case the rota- 
tional symmetry of the system is conserved, preserving the degeneracy of the energy 
spectrum. The contribution of the noncommutativity appears as a correction to the 
fine structure. The corresponding nonlocality is calculated: Ax Ay > ^-m\{f 2 )\, 
where m is a magnetic quantum number. 

1 Introduction 

A combination of quantum mechanical arguments with general relativity indicates that 
at the distances of the order of the Planck length the space-time is nonlocal, therefore 
cannot be described as a differentiable manifold and should be treated as a kind of non- 
commutative structure pQ . Consider the noncommutative space realized by the coordinate 
operators x\ i = 1, N, satisfying the algebra 

[x i ,x j ]=i6u ij (x), (1) 

where Gfi (x) is an operator describing the noncommutativity of the space. The consis- 
tency condition for the algebra implies, see e.g. [2], that the symbol oj l i (x) of the 
operator (x) should have a form: 

W « (*) = (*) + cog (x) , (2) 
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where (x) is Poisson bi- vector, i.e., obey the Jacobi identity 

u il dm jk + co kl diu tJ + u^d^ 1 = 0, (3) 

and the term u l J Q (x) stands for non-Poisson corrections to (x) of higher order in 6, 
expressed in terms of a/- 7 (x) and its derivatives, which depend on specific ordering of the 
operator (x). So, in order to determine the noncommutativity (CQ) we should define 
from physical considerations the antisymmetric field u 1 ^ (x) obeying the eq. ([3]) and 
specify the ordering. In what follows we treat u/- 7 (x) as an external field and we choose 
the symmetric Weyl ordering. 

This article aims to illustrate the possible phenomenological consequences of the pres- 
ence of the noncommutativity of the type ([1]), when the commutator between coordinates 
is a function of these coordinates. As a starting point to study noncommutativity of the 
general form we consider quantum mechanics (QM). Two-dimensional model of position- 
dependent noncommutativity in QM was proposed in [3]. The particular example was 
considered in [3], where also was observed that canonical operators in these models are 
in general non Hermitian with respect to standard inner products |5|. For the example of 
QM and field theory on kappa-Minkowski space see e.g. [6] and references therein. The 
general form of QM with noncommutative coordinates of the type (CQ) was constructed 
in [7]. Note that the quantum mechanical scale of energies is rather different from the 
Planck scale, however some important properties like preservation of symmetries and 
corresponding consequences can be studied already in QM. 

In particular, it is well known fact that the canonical noncommutativity, [x l , x J ] = i9 l \ 
where y is an antisymmetric constant matrix, breaks the rotational symmetry of the 
Hydrogen atom, which removes the degeneracy of the energy levels [5] . This fact leads to 
the bounds of noncommutativity in this model. The same logic remains in the field theory, 
see e.g. [9] and references therein. We will show here that the noncommutativity can be 
introduced in a way to preserve the symmetries and the corresponding degeneracy. To 
this end in Section 2 we describe the model of QM with NC coordinates [7J and construct 
an explicit form of the trace functional on the algebra of the star product corresponding 
to ([1]). In Section 3 we consider a particle in a central potential on curved NC space, 
defined by the external antisymmetric field w ,J (i) = e K * x^f (x,ix l ). For simplicity we set 
(m e = c = h = 1). 

2 Quantum mechanics with noncommutative coordi- 
nates 

To define the QM on the noncommutative spaces of the type ([1]) we will need to introduce 
two objects, the star product and the trace functional. The existence of the star product 
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for any Poisson bi-vector u/ J (x) is guaranteed by the Formality Theorem by Kontsevich 
[TO] , the explicit construction of the star product up to the fifth order in deformation 
parameter can be found in (21. In particular, for any two functions / and g it has a form 



(/ * g)(x) = f (x) g(x) = fg + jWdjg 



(4) 



°1 

T 



-u^u^didkfdjdig - -J j djU kl {d^fdig - dkfdAg) 



+ o (e 3 ) 



The trace functional is determined as Tr (/) = J fl(x) f (x) , where Q (x) is an inte- 
gration measure. The trace should obey the property 



Tr(f*g)-Tr{fg) = 0, 



(5) 



which also guarantee the cyclic property of trace. The existence of a trace functional for 
a Kontsevich star-product related to any Poisson bi-vector uj 1 ^ such that div^u^ = was 
demonstrated in [TTJ. But to make calculations one needs an explicit form for it. Suppose 
that there exist a function fi (x) such that 



Let £1 (x) = d xijl (x) , so 



d t (fiUJ ij ) = 0. 



Tr(f)= / d»xti(x)f(x). 



(6) 



(7) 



We should verify if this definition of trace is correct, i.e., if (jSJ) holds true for any two 
functions / and g vanishing on the infinity. In the zero order in 9 eq. (jSJ) is just an 
identity, in the first order it is satisfied due to (jSJ) • In the second order in 9 the right hand 
side of (03) is 



°1 
4 



d N xfx (x) 



1 u ij u M d i d k fd j dig - \u ij djU kl {did k fdig - d k fdidig) 



2 " J ° 3 

Integrating this expression by parts on / and g and using ()6]) we rewrite it as 

^ J d N xdJd l {^d 3 u lk ) d k g, 

where the matrix di (fJW^djUJ lk ) is symmetric, i.e., 

d l (^djiJ k ) = di (fxco kj d 3 tu H ) , 



(9) 



(10) 
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due to the Jacobi identity and ([6]). The expression fl9]) is different from zero for two 
arbitrary functions / and g. To solve this problem we use the gauge freedom in the 
definition of the star product 110] . Let us construct a new star product 



f*'g = D- 1 (Df*Dg), (11) 

choosing a gauge operator D in such a way that (EJ) holds true for this new product. 
Taking into account (Q and (TTOT) one should looking for D in the form 

d = i + e 2 u k did k + o (e 3 ) . (12) 

In this case 

f*'g = f*9- 29 2 b lk djd k g + O (9 3 ) . (13) 
The condition (jSJ) for the star product (fl3l) in the second order gives 

6 ^d l fd l (fi^d^) d k g - 26 2 fib lk djd k g = 0. (14) 

That is, 

b lk = ^-di (iiu ij d j u lk ) . (15) 

We conclude that given a Poisson bi- vector w u and a function \i (x) obeying the 
modified star product (113"]) admits the trace ([7J). 

Now, according to the [7] we describe the model of QM on NC spaces of general form, 
defined by the algebra ([1]). The Hilbert space is determined as a space of complex- valued 
functions which are square-integrable with a measure ft (x). The internal product between 
two states (f (x) and ip (x) from the Hilbert space is defined as 

(cp\ -0} = Tr {(p* ★» . (16) 

The action of the coordinate operators x 1 on functions ip(x) from the Hilbert space is 
defined through the modified star product ([TBI , for any function V (x) one has 

V(x)ip(x) = V(x) *'ip(x). (17) 

The definitions (fTBI) and (JTTj) means that the coordinate operators are self-adjoint with 
respect to the introduced scalar product: (x l ip\ ip) = (tp\ x l ip). The momentum operators 
pi are fixed from the condition that they also should be self-adjoint with respect to ([TBI) . 
One of the possibilities is to choose it in the form 

Pi = —idi — idi In \i (x) . (18) 
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One can easily verify that in this case {pif\ ip) = {<p\ piip) . 

The momentum operators ( ITS]) commute, \fti,pj] = 0. The commutator between x % 
and pj is 

[x\p 3 ] = i5) - ^ (djU3 U (x) pi + idj (u u dt ln/i) (xj) + O (9 2 ) . (19) 

So, the complete algebra of commutation relations involving x 1 and pj is a deformation 
in 9 of a standard Heisenberg algebra. 

3 Particle in a central potential 

Let us consider a particle placed in a central potential V (r 2 /2), where r 2 = x 2 + y 2 + z 2 . 
The corresponding Hamiltonian reads 

As it was already mentioned in the introduction, the canonical noncommutativity which 
can be realized by the coordinate operators x l can = x % + i/29^dj violates the rotational 
symmetry of ( l20l) . since [Li,V(x 2 an /2)} ^ 0, where L* = —i e^ k Xjdk is the angular mo- 
mentum operator. And this problem cannot be solved introducing a noncommutativity 
as a Drinfeld twist deformation [12]. See also [13] for an example of nonabelian twist in 
QM. 

The external antisymmetric field u 1 ^ (x) can be chosen in a way to preserve a rotational 
symmetry of the system. Let us suppose that 

where / is a given function. The corresponding noncommutative algebra is 

[x\x j ] = i8e ijk x k f (f 2 ) . (22) 

The consistency condition for this algebra, [x\ e^ kl x l f (f 2 )] + cycl.(ijk) = 0, is satisfied 
automatically and no corrections u l J Q (x) are needed to the (}2"Tj) to construct the explicit 
form of the star product in any order in 9 using the iterative procedure [2]. 
One can easily see that any function /x(r 2 ) obeys the equation (jfJJ): 

di {»(r 2 )e ijk x k f(r 2 )) = 0, 

and can be chosen as a measure to define a trace functional. For simplicity we set /i (x) = 
1. So, the momentum operators are just derivatives pi = —idi. 
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The Hamiltonian ( 120]) on the noncommutative space (122]) will takes the form: 



H = --A + VV = 
2 

1 6 2 
— A + V 1 "/-' (r 2 A - 2x i d i - 

2 12 v 

-iA + K+^7 2 ^ 2 + 0(^), 



(23) 



where L 2 = L 2 x -\- L 2 + L 2 is the the orbital angular momentum. The specific choice of the 
external field fl2T]) implies the conservation of the rotational symmetry: 



0. 



(24) 



This, in turn, means the preservation of the degeneracy of the corresponding energy 
spectrum over the magnetic quantum number m. 

In particular, for the Coulomb potential the leading order perturbation due to non- 
commutativity is 

*5» = (25) 
12 r A 

We use the usual perturbation theory to calculate the leading corrections to the energy 
levels, 



AE. 



NC 



V, 



NC 



(26) 



where \ip°) = i? n ;(r)Y' z m ('(9, <p) is the unperturbed wave function, corresponding to the 
energy E n = —e 2 /2aon 2 , here n is a principal quantum number and ao = 1/a is the Bohr 
radius. Integrating over the angular variables d and ip, we stay with 



AE, 



NC 



e 2 9 2 l{l + l) I f 
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(27) 



where / is the azimuthal quantum number. 

In order to calculate the corresponding nonlocality we first write ( 122]) as 

[x\x j ] = i6fe ijk x k + % -^-f 2 e ijk L k + 0(6 3 ). 



(2f 



Taking into account that (ip° |/ (r 2 ) x k \ = 0, due to the integration over the angular 
variables, we end up with 

AxAy> 9 -m\(f 2 )\, (29) 
6 



where m is a magnetic quantum number. 

We will consider two possibilities for the function / here: / = 1 and f — r. In the 
both cases the external field is zero at the origin and then grows along the corresponding 
axis, however in the second case the growth is higher. In the first case, taking into account 
the fact that 

1 \ 1 1 
j*/ ~ n 3 ag I (I + 1/2) (Z + l)' 
the the energy level shift is 

n2 p2 

This energy correction has the same form as a relativistic kinetic energy contribution to 
the fine structure. Nonlocality in this case is defined by the relation 

Q2 

AxAy > —m. (31) 

Reminding that (-) = l/n 2 a , the energy correction for the second possibility (/ = r) 
is given by 

AE» c = ^EJ(l + l). (32) 
o 

Finally since, 

(r 2 > = ^ (An 2 -I 2 +2nl + l) , 
the corresponding nonlocality is given by 

n2 2 _2 

AxAy > m — (4n 2 - I 2 + 2nl + l) . (33) 

We can see that in this case the nonlocality depends on the energy of the system, the 
more the energy, the more the nonlocality. 



4 Conclusions and perspectives 

This example shows that the noncommutativity can be introduced in a minimal way in 
the theory, i.e., one may obtain nonlocality without violating physical observables like the 
energy spectrum, etc. 

The considered model also indicates the way how to construct a relativistic general- 
ization of QM with NC coordinates [7]. If the external field u pa (x) which determine the 
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commutation relations [x p , x a ] = i6uj pcr {x) , transforms as a two tensor with respect to a 
Lorentz group, the operators x p = x p + i9/2cu pa d fT + O (6> 2 ) and p p = —id p — id P n (x) will 
transform as vectors. This fact may be used to construct relativistic wave equations on 
curved NC space-time. For simplicity one may start with (2 + 1) dimensions, choosing 
the external antisymmetric field as u pa (x) = e pcrX x\f(x 2 ). 

Alternative models of relativistic QM with noncommutative coordinates were con- 
structed in [13] in (3 + 1) dimensions and in [15] in (2 + 1) dimensions as a relativistic 
version of spin noncommutativity [16J. However, in this case the commutator between 
coordinates is proportional to the spin, i.e., coordinates do not form an algebra. This lead 
to the difficulties in the definition of the star product and makes the operators to be non 
Hermitian [T7] . 
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